1. Introduction {#sec1}
===============

The human respiratory system is a complex network consisting of several components. Mathematical models aim to describe the relationship of the main variables of this system, namely flows, pressures and volumes. 0-D or lumped parameters models based on pneumatic-electrical circuit analogy remain most suitable for this purpose in view of their features where the variables in each compartment are spatially averaged as a function of time.

As initial step towards the development of a complete model of the respiratory system, only the airway/lung mechanics is considered in this work. At present, our aim is to build up a tool for the description of the lung/airway dynamics and investigate its suitability to reproduce the time variation of the main variables.

Once completed and implemented in our numerical virtual patient simulator, this model can be used for study and teaching. In particular, it could be used to evaluate the effects induced by mechanical ventilatory assistance on the hemodynamic and energetic variables of the cardiovascular system.

Many models are available from current literature describing lung/airway mechanics alone [@b2], [@b3], [@b13], [@b16], [@b23], [@b25], [@b30], [@b33] or the combination of lung/airway mechanics and gas exchange, along with the interaction between the respiratory and the circulatory system [@b1], [@b15], [@b20], [@b21], [@b22], [@b26], [@b27], [@b32], [@b38]. These models are all based on the same schematization of the respiratory system and known constitutive functions of the main components such as upper airway and collapsible airway resistances, lung elastic recoil or the transmural pressure. Each of them analyses a particular breathing pattern or breathing manoeuvre, such as panting [@b16], [@b33], Forced Vital Capacity manoeuvre [@b26] or Valsalva manoeuvre [@b21], or focuses on particular aspects of normal breathing, such as the work of breathing [@b2].

In this work, we use a similar model based on the same structure and the same constitutive functions to give a comprehensive description of the normal breathing pattern and its response under different conditions. For this purpose, we have developed a pleural pressure generator able to reproduce pleural pressure waveforms of quiet breathing close to the real ones. We have selected different normal breathing patterns to analyse the response of the model to different inputs. We are interested not only in the main output such as airflow at the mouth or alveolar pressure and volume, but also in other quantities such as resistance and pressure drop across each element of the system and even recoil and compliance of the chest wall.

We also give a mathematical overview of the constitutive functions of the components used in our model and we derive additional functions, which are not always addressed and graphically represented in studies based on similar models. We focus specifically on the range of the variables related to normal breathing, which ensure the stability of the solution.

Some details on the computational aspects of the study are also provided.

Furthermore, we have tested the behaviour of the model during parameter fluctuation to investigate its ability to reproduce the physiological response of the system to alterations following lung disease. The results of normal breathing simulations are in agreement with the clinical data published in the literature. The alteration of the parameters causes variations in the results consistent with the altered conditions of the system.

2. Methods {#sec2}
==========

2.1. Respiratory system {#sec2.1}
-----------------------

Current mathematical models of the airway/lung mechanics usually address the component of the respiratory system within the thoracic cavity only, i.e. the lungs and the section of the airways below the larynx. The airways divide into the upper airway, the collapsible airway and the small, or peripheral, airways. The lungs are considered as a unique alveolar region surrounded by the pleural space, containing a limited amount of fluid, which separates it from the chest wall and the diaphragm ([Fig. 1](#fig1){ref-type="fig"}). The total lung volume ($\mathit{V}_{L}$) is given by [@b2]: $$V_{L} = V_{A} + V_{C} + V_{D}$$where $\mathit{V}_{A}$ is the volume of the alveolar region, $\mathit{V}_{C}$ is the volume of the collapsible airway and $\mathit{V}_{D}$ is the dead space volume.

The flow of the air at the mouth is the same as the airflow in the upper airway (*F*). It is considered positive during expiration and negative during inspiration. It is the sum of the flow generated in the alveolar region and in the collapsible airway. The flow rate in these structures is given by the time derivative of the respective volumes (*V̇* ${}_{A}$ and *V̇* ${}_{C}$).Fig. 1Schematic representation of the respiratory system and its pressures. The alveolar region is bounded by the pleural space, which separates it from the chest wall and the diaphragm. The alveolar region is connected to the external environment through the airways which divide into the upper airway, the collapsible airway and the small airways. The alveolar pressure $\mathit{P}_{A}$, the collapsible pressure $\mathit{P}_{C}$, the pleural pressure $\mathit{P}_{pl}$ and the pressure generated by the muscles $\mathit{P}_{mus}$ are referred to the environmental pressure $\mathit{P}_{ref}$. The transmural pressure $\mathit{P}_{tm}$ is the difference of pressure between the pleural space and the collapsible airway. The elastic recoil of the lung $\mathit{P}_{el}$ is the difference of pressure between the pleural space and the alveolar region. The elastic recoil of the chest wall $\mathit{P}_{cw}$ is the difference of pressure between the pleural space and the chest wall. $\mathit{P}_{ext}$ is the external pressure at mouth. In normal breathing it equals $\mathit{P}_{ref}$.

The action of the respiratory muscles and the elastic properties of the lungs generate the necessary pressure to inflate or deflate the lungs. The diaphragm is the main respiratory muscle responsible for inspiration during normal breathing: its movement toward the abdominal cavity causes the downward expansion of the thoracic cavity. Instead, expiration is a passive process: the diaphragm relaxes and the chest wall returns to its resting position due to the elasticity of the chest wall and the lungs, which tend to collapse inward. Nevertheless, during respiratory manoeuvres or exercise, the additional use of intercostal muscles can be required to further expand or contract the rib cage.

The force generated by the muscles and the elastic recoil of the lungs act on the pleural space. When the force of the inspiratory muscles exceeds the lung elastic recoil, the rib cage expands. When muscles relax, the elastic recoil makes the rib cage contract. As a result, in normal breathing the pressure inside the pleural space, that is the pleural or intrathoracic pressure ($\mathit{P}_{pl}$), remains negative with respect to the environmental pressure ($\mathit{P}_{ref}$), which is assumed as the reference value and set to zero.

The environmental pressure equals the external pressure at the mouth ($\mathit{P}_{ext}$) during normal breathing. This is not the case during assisted ventilation where the pressure at the mouth is driven by the ventilator [@b28]. This aspect is not included in this study. Thus, we set: $$P_{ref} = P_{ext} = 0\quad{cmH}_{2}O$$

The alveolar pressure ($\mathit{P}_{A}$), the collapsible airway pressure ($\mathit{P}_{C}$) and the pleural pressure ($\mathit{P}_{pl}$) are referred to the environmental pressure while the dynamic elastic recoil of the lung, or trans-pulmonary pressure ($\mathit{P}_{el}$), and the transmural pressure ($\mathit{P}_{tm}$) are referred to $\mathit{P}_{pl}$ *:* $$P_{A} = P_{el} + P_{pl}\qquad P_{C} = P_{tm} + P_{pl}$$The pleural pressure is directly related to the action of the muscles: it is the difference between the pressure across the chest wall ($\mathit{P}_{cw}$) and the pressure generated by the respiratory muscles ($\mathit{P}_{mus}$) [@b2]: $$P_{pl} = P_{cw} - P_{mus}$$For this reason, we consider the spatially averaged pleural pressure as the driving pressure of the whole system instead of the pressure developed by the muscles: muscle pressure can be derived from pleural pressure and viceversa once the elastic recoil of the chest wall is known. $\mathit{P}_{mus}$ is usually described with a non-realistic sinusoidal function [@b2], [@b13] whereas $\mathit{P}_{pl}$ is a measurable quantity available from current literature. Therefore, we have aimed to reproduce realistic pleural pressure waveforms and derive $\mathit{P}_{mus}$ from Eq. [(4)](#fd4){ref-type="disp-formula"}.

2.2. Model description {#sec2.2}
----------------------

The electrical circuit that represents the respiratory system consists of four resistances, two capacitors and a generator ([Fig. 2](#fig2){ref-type="fig"}). The resistors mimic the airflow resistance of the upper airway ($\mathit{R}_{U}$), the collapsible airway ($\mathit{R}_{C}$), the small airways ($\mathit{R}_{S}$) and the lung tissue ($\mathit{R}_{LT}$). The capacitors mimic the compliances of the lung ($\mathit{C}_{L}$) and the collapsible airway ($\mathit{C}_{C}$). The alternating current generator reproduces the pleural pressure ($\mathit{P}_{pl}$) that is the pulsatile driving force of the system. The ground corresponds to the environmental reference pressure ($\mathit{P}_{ref}$) or external pressure at the mouth ($\mathit{P}_{ext}$) (Eq. [(2)](#fd2){ref-type="disp-formula"}) [@b5], [@b29]. $\mathit{P}_{cw}$ and $\mathit{P}_{mus}$ are not included in the circuit. They would be modelled by replacing the generator of the pleural pressure with a capacitor (with pressure drop $\mathit{P}_{cw}$ and flow *V̇* ${}_{cw}$) in series with a generator of muscular pressure linked to the ground.

The parameters of the constitutive functions are patient-dependent. We have used the parameters of a specific patient in [@b2], [@b26] to plot the graphs of the constitutive functions.Fig. 2Electrical analogue of the respiratory system. The four resistors mimic the resistance of the upper airway ($\mathit{R}_{U}$), the collapsible airway ($\mathit{R}_{C}$), the small airways ($\mathit{R}_{S}$) and the lung tissue ($\mathit{R}_{LT}$) to the airflow. The two capacitors mimic the compliances of the lung ($C_{L}$) and of the collapsible airway ($C_{C}$). The pressure drop across these elements are the static elastic recoil ($\mathit{P}_{l}$) and the transmural pressure ($\mathit{P}_{tm}$). $\mathit{P}_{el}$ is the dynamic elastic recoil; $\mathit{P}_{A}$ and $\mathit{P}_{C}$ are the alveolar and the collapsible pressure, respectively. The generator reproduces the pleural pressure ($\mathit{P}_{pl}$). The ground corresponds to the environmental reference pressure ($\mathit{P}_{ref}$). In normal breathing it equals the external pressure at mouth ($\mathit{P}_{ext}$). The arrows indicate the direction of the airflow (*F,V̇*${}_{A}$ and *V̇*${}_{C}$) during inspiration.

We neglect the time dependence of the variables in the equations.

### Upper airway {#d1e4173}

The upper airway is considered as a rigid tubular structure whose volume is fixed in time and contributes to the dead space volume ($\mathit{V}_{D}$). The resistance of the upper airway is usually modelled with a Rohrer resistor [@b36]: $$R_{U}\left( F \right) = A_{u} + K_{u}\cdot\left| F \right|$$where *F* ranges between $\mathit{F}_{\min}$ and $\mathit{F}_{\max}$ with $\mathit{F}_{\min}$ \< 0 \< $\mathit{F}_{\max}$ and $\mathit{A}_{u}$ and $\mathit{K}_{u}$ are positive constants. $\mathit{R}_{U}$ is a linear function of the flow magnitude $\left| F \right|$, varying between its minimum value $\mathit{R}_{U\min} = \mathit{A}_{u}$ at $F = 0$ and maximum value $\mathit{R}_{U\max} = \mathit{A}_{u} + \mathit{K}_{u}\cdot F_{M}$ at the highest flow magnitude $\mathit{F}_{M} = \max\left\{ \left| F_{\min} \right|,\mathit{F}_{\max} \right\}$. Typically, $\left| F_{\min} \right|$ is less than $\mathit{F}_{\max}$ and $\mathit{F}_{M} = \mathit{F}_{\max}$ ([Fig. 3](#fig3){ref-type="fig"}\[a\]). From Ohm's law, the pressure drop ($\mathit{P}_{Ru}$) is given by: $$P_{Ru}\left( F \right) = R_{U}\left( F \right)\cdot F = A_{u}\cdot F + K_{u}\cdot\left| F \right|\cdot F$$At low flow magnitudes the dependence of $\mathit{P}_{Ru}$ on the flow is quite linear, but at high flows the second term ($\mathit{K}_{u}\cdot\left| F \right|\cdot F$) makes it nonlinear (quadratic) ([Fig. 3](#fig3){ref-type="fig"}\[b\]).

Fig. 3Resistances and pressures constitutive functions. The continuous thick lines in panels from \[a\] to \[d\] and the cycle on the surface in panel \[e\] correspond to the values obtained during the quiet breathing (i.e. when $\mathit{P}_{pl}^{q}$ is used as input of the model (see below)). \[a\] Linear relationship $\mathit{R}_{U}$ vs *F*. \[b\] Quadratic function $\mathit{P}_{Ru}$(*F*). The box shows the range of variability of the quiet breathing. \[c\] and \[d\] Resistances of the collapsible airway ($\mathit{R}_{C}$) and of the small airways ($\mathit{R}_{S}$) as functions of the corresponding volumes ($\mathit{V}_{C}$ and $\mathit{V}_{A}$). \[e\] Pressure drop across the collapsible airway resistance $\mathit{P}_{Rc}$ as function of volume $\mathit{V}_{C}$ and flow *F*.

### Collapsible airway resistance {#d1e4629}

The definition of the collapsible airway resistance comes from Poiseuille's law, which expresses the resistance *R* of a Newtonian fluid of viscosity $\rho$ in laminar flow regime within a cylinder of length *L* and radius *r*: $$R = \frac{8\cdot\rho\cdot L}{\pi\cdot r^{4}}$$Re-writing Eq. [(7)](#fd7){ref-type="disp-formula"} in terms of the volume *V = L* $\pi$ *r* ^2^ of the cylinder, we obtain: $$R = \frac{8\cdot\pi\cdot\rho\cdot L^{3}}{V^{2}}$$ Eq. [(8)](#fd8){ref-type="disp-formula"} states an inverse proportionality of the resistance to the square of the cylinder volume. If we consider the collapsible airway as a cylinder of fixed length and variable radius, and the air as a viscous Newtonian fluid with laminar flow within it, the above considerations apply. The widely used expression of $\mathit{R}_{C}$ is [@b16], [@b33]: $$R_{C}\left( V_{C} \right) = K_{c}\cdot\left( \frac{V_{C\max}}{V_{C}} \right)^{2}$$According to Eq. [(9)](#fd9){ref-type="disp-formula"}, $\mathit{R}_{C}$ reaches its minimum value $\mathit{R}_{C\min} = K_{c}$ when the volume of the collapsible airway $\mathit{V}_{C}$ reaches its maximum value $\mathit{V}_{C\max}$, and its maximum value $\mathit{R}_{C\max} = K_{c}\cdot$ ($\left. \mathit{V}_{C\max}\slash\mathit{V}_{C\min} \right.$)^2^ when $\mathit{V}_{C}$ reaches its minimum value $\mathit{V}_{C\min}$. It is worth noting that Eq. [(9)](#fd9){ref-type="disp-formula"} is not defined at $\mathit{V}_{C} = 0$ (where the pressure would be infinite), which means that complete airway collapse does not occur ([Fig. 3](#fig3){ref-type="fig"}\[c\]).

The pressure drop ($\mathit{P}_{Rc}$) is given by ([Fig. 3](#fig3){ref-type="fig"}\[e\]): $$P_{Rc}\left( {V_{C},F} \right) = R_{C}\left( V_{C} \right)\cdot F$$

### Small airways {#d1e5061}

The small airways contribute to the model in terms of resistance to the airflow, which is defined as a decreasing exponential function of the alveolar volume [@b2]: $$R_{S}\left( V_{A} \right) = A_{s}\cdot e^{- K_{s}\cdot\frac{V_{A} - V_{R}}{V^{\ast} - V_{R}}} + B_{s}$$where $\mathit{A}_{s}$, K${}_{s}$, $\mathit{B}_{s}$ and $\mathit{V}^{\ast}$ are positive constants and $\mathit{V}_{R}$ is the residual lung volume at the end of the maximum expiration. $\mathit{R}_{S}$ reaches its minimum value $\mathit{R}_{S\min}$ when the alveolar volume $\mathit{V}_{A}$ reaches its maximum value $\mathit{V}_{A\max}$, and its maximum value $\mathit{R}_{S\max}$ when $\mathit{V}_{A}$ reaches its minimum value $\mathit{V}_{A\min}$ ([Fig. 3](#fig3){ref-type="fig"}\[d\]). Nevertheless, the effect of $\mathit{R}_{S}$ is significant during a forced expirations whereas it assumes small values during normal breathing. The parameter $\mathit{B}_{s}$ can be considered constant during normal breathing although it has to be defined as a function of the pleural pressure in the presence of a different breathing pattern or manoeuvre where the pleural pressure becomes positive [@b26].

Applying Ohm's law, the pressure drop ($\mathit{P}_{Rs}$) is given by: $$P_{Rs} = R_{S}\left( V_{A} \right)\cdot\overset{˙}{V_{A}}$$

### Lung tissue {#d1e5391}

The resistance of the lung tissue ($\mathit{R}_{LT}$), related to its viscous property, is considered constant [@b26]. Therefore, the pressure drop ($\mathit{P}_{Rlt}$) is given by: $$P_{Rlt} = R_{LT}\cdot\overset{˙}{V_{A}}$$

### Transmural pressure and collapsible airway compliance {#d1e5474}

The pressure drop across the two capacitors is defined as a function of the respective volume ([Fig. 2](#fig2){ref-type="fig"}).

The transmural pressure is given by the following nonlinear function of $\mathit{V}_{C}$ [@b26]: $$P_{tm}\left( V_{C} \right) = \left\{ \begin{array}{ll}
{A_{c} - B_{c}\cdot\left( {D_{c} - \frac{V_{C}}{V_{C\max}}} \right)^{2}} & {0 \leq V_{C} < \frac{V_{C\max}}{2}} \\
{A_{c}^{\prime} - B_{c}^{\prime}\cdot\ln\left( {\frac{V_{C\max}}{V_{C}} - D_{c}^{\prime}} \right)} & {\frac{V_{C\max}}{2} \leq V_{C} \leq V_{C\max}} \\
\end{array} \right)$$where $\mathit{A}_{c}$, $B_{c}$, $D_{c}$, $A_{c}^{\prime}$, $B_{c}^{\prime}$, and $D_{c}^{\prime}$ are positive constants. Their values are such that the function is continuous and differentiable at $\mathit{V}_{C} = V_{C\max}$/2 ([Fig. 4](#fig4){ref-type="fig"}\[a\]). $D_{c}^{\prime}$ is a constant value slightly less than 1, which makes $\mathit{P}_{tm}$ positive when $\mathit{V}_{C}$ reaches $\mathit{V}_{C\max}$, as the argument of the logarithm tends to zero. The expression of the function in Eq. [(14)](#fd14){ref-type="disp-formula"} comes from the fact that the inverse function ($\mathit{V}_{C}$ as function of $\mathit{P}_{tm}$) must be a sigmoid like function [@b33]. This is because the volume cannot exceed its maximum and minimum possible values and hence it has small variations at high or low transmural pressures (low compliance). The inverse function of Eq. [(14)](#fd14){ref-type="disp-formula"} has the desired sigmoidal shape: $$V_{C}\left( P_{tm} \right) = \left\{ \begin{array}{ll}
{V_{C\max}\cdot\left( {D_{c} - \sqrt{\frac{A_{c} - P_{tm}}{B_{c}}}} \right)} & {P_{tm0} \leq P_{tm} < P_{tm{mid}}} \\
\frac{V_{C\max}}{D_{c}^{\prime} + e^{- \frac{P_{tm} - A_{c}^{\prime}}{B_{c}^{\prime}}}} & {P_{tm{mid}} \leq P_{tm} \leq P_{tm\max}} \\
\end{array} \right)$$where $\mathit{P}_{tm0} = \mathit{A}_{c} - \mathit{B}_{c}\cdot D_{c}^{2}$, $\mathit{P}_{tm{mid}} = A_{c}^{\prime} - B_{c}^{\prime}\cdot\ln\left( 2 - D_{c}^{\prime} \right)$ and $\mathit{P}_{tm\max} = A_{c}^{\prime} - B_{c}^{\prime}\cdot\ln\left( 1 - D_{c}^{\prime} \right)$ are the values of $\mathit{P}_{tm}$ at $\mathit{V}_{C} = 0$, $\mathit{V}_{C} = \mathit{V}_{C\max}$/2 and $\mathit{V}_{C} = \mathit{V}_{C\max}$ respectively.

Differentiating Eq. [(15)](#fd15){ref-type="disp-formula"} with respect to $\mathit{P}_{tm}$, we obtain the compliance of the collapsible airway: $$C_{C}\left( P_{tm} \right) = \left\{ \begin{array}{ll}
\frac{V_{C\max}}{2\cdot\left\lbrack \sqrt{B_{c}\cdot\left( {A_{c} - P_{tm}} \right)} \right\rbrack} & {P_{tm0} \leq P_{tm} < P_{tm{mid}}} \\
\frac{V_{C\max}\cdot e^{- \frac{P_{tm} - A_{c}^{\prime}}{B_{c}^{\prime}}}}{B_{c}^{\prime}\cdot\left( {D_{c}^{\prime} + e^{- \frac{P_{tm} - A_{c}^{\prime}}{B_{c}^{\prime}}}} \right)^{2}} & {P_{tm{mid}} \leq P_{tm} \leq P_{tm\max}} \\
\end{array} \right)$$ Fig. 4Transmural pressure, lung elastic recoil and compliances constitutive functions. The continuous thick lines correspond to the values obtained during the quiet breathing (i.e. when $\mathit{P}_{pl}^{q}$ is used as input of the model (see below)). \[a\] Transmural pressure $\mathit{P}_{tm}$ as function of $\mathit{V}_{C}$. The dashed line is the restriction to the interval \[$\mathit{V}_{C\min}$, $\mathit{V}_{C\max}$\]. \[b\] Collapsible airway compliance $\mathit{C}_{C}$ as function of $\mathit{P}_{tm}$. The dashed line is the restriction to the interval \[$\mathit{P}_{tm\min}$, $\mathit{P}_{tm\max}$\]. \[c\] Lung elastic recoil $\mathit{P}_{l}$ as function of $\mathit{V}_{A}$. \[d\] Lung compliance $\mathit{C}_{l}$ as function of $\mathit{P}_{l}$.

It reaches its maximum value $\left. \mathit{C}_{C\max} = \mathit{V}_{C\max}\cdot\left( 2 - D_{c}^{\prime} \right)\slash\left( 4B_{c}^{\prime} \right) \right.$ at $\mathit{P}_{tm} = \mathit{P}_{tm{mid}}$ and its minimum values $\mathit{C}_{C0} = \mathit{V}_{C\max}$/(2$\mathit{B}_{c}\cdot D_{c}$) and $\left. \mathit{C}_{C1} = \mathit{V}_{C\max}\cdot\left( 1 - D_{c}^{\prime} \right)\slash B_{c}^{\prime} \right.$ in the left and right intervals at $\mathit{P}_{tm} = \mathit{P}_{tm0}$ and $\mathit{P}_{tm} = \mathit{P}_{tm\max}$ respectively ([Fig. 4](#fig4){ref-type="fig"}\[b\]).

A simplified expression of $\mathit{V}_{C\quad}$ ($\mathit{P}_{tm}$) is often used [@b13], [@b25]: $$V_{C}\left( P_{tm} \right) = \frac{V_{C\max}}{1 + e^{- \frac{P_{tm} - A}{B}}}$$even if in this case the values 0 and $\mathit{V}_{Cmax}$ must be considered as inferior and superior limits for $\mathit{V}_{C}$, since the function in Eq. [(17)](#fd17){ref-type="disp-formula"} can never reach those values for any pressure value. On the other hand, we have already seen that Eq. [(9)](#fd9){ref-type="disp-formula"} too is not defined at $\mathit{V}_{C} = 0$. Therefore, it would be more appropriate to consider the interval \[$\mathit{V}_{C\min}$, $\mathit{V}_{C\max}$\] for $\mathit{V}_{C}$ in Eq. [(14)](#fd14){ref-type="disp-formula"}. Accordingly, in Eqs. [(15)](#fd15){ref-type="disp-formula"}, [(16)](#fd16){ref-type="disp-formula"} $\mathit{P}_{tm}$ should be restricted to the interval \[$\mathit{P}_{tm\min}$, $\mathit{P}_{tm\max}$\], where $\mathit{P}_{tm\min} = \mathit{A}_{c} - \mathit{B}_{c}\cdot\left( \mathit{D}_{c} - \mathit{V}_{C\min}\slash\mathit{V}_{C\max} \right)$ ^2^ ([Fig. 4](#fig4){ref-type="fig"}\[a\] and \[b\]). Nevertheless, this is not so relevant when both pressure and volume keep far from their extreme values. Actually, apart from particular breathing manoeuvres, in normal breathing and in most cases, volumes, pressures, resistances and compliances take values in restricted subsets of the intervals discussed so far.

### Lung elastic recoil and compliance {#d1e7237}

The static elastic recoil of the lung is defined as an exponential increasing function of $\mathit{V}_{A}$ as follows [@b25]: $$P_{l}\left( V_{A} \right) = A_{l}\cdot e^{K_{l}\cdot V_{A}} - B_{l}$$where $\mathit{A}_{l}$, $B_{l}$ and $\mathit{K}_{l}$ are positive constants. Their values are such that $\mathit{P}_{l}\left( \mathit{V}_{A} \right) + B_{l}$ remains positive in the variability range of $\mathit{V}_{A}$: \[$\mathit{V}_{A\min}$, $\mathit{V}_{A\max}$\] ([Fig. 4](#fig4){ref-type="fig"}\[c\]).

The inverse function of Eq. [(18)](#fd18){ref-type="disp-formula"} is: $$V_{A}\left( P_{l} \right) = \frac{1}{K_{l}}\cdot\ln\left( \frac{P_{l} + B_{l}}{A_{l}} \right)$$Differentiating Eq. [(19)](#fd19){ref-type="disp-formula"}, we obtain the compliance of the lungs: $$C_{L}\left( P_{l} \right) = \frac{1}{K_{l}\cdot\left( {P_{l} + B_{l}} \right)}$$that is a decreasing function of $\mathit{P}_{l}$ ([Fig. 4](#fig4){ref-type="fig"}\[d\]).

The dynamic elastic recoil is given by $\mathit{P}_{el} = P_{l} + P_{Rlt}$.

Considering Eq. [(1)](#fd1){ref-type="disp-formula"}, the minimum and maximum values of the alveolar and collapsible volumes are such that $$V_{R} = V_{A\min} + V_{C\min} + V_{D},\qquad TLC = V_{A\max} + V_{C\max} + V_{D}$$where *TLC* is the total lung capacity, defined as the lung volume at the end of the maximum inspiration.

### Model statement {#d1e7720}

Given the previous definitions, we solve the electrical circuit ([Fig. 2](#fig2){ref-type="fig"}) according to Kirchhoff's current and voltage laws: $$\left\{ \begin{array}{l}
{F = \overset{˙}{V_{A}} + \overset{˙}{V_{C}}} \\
{P_{Ru} + P_{Rc} + P_{tm} + P_{pl} = 0} \\
{P_{Rs} + P_{l} + P_{Rlt} - P_{tm} = 0} \\
\end{array} \right)$$We neglect the variables dependence. Solving the system with respect to the volumes, from Eqs. [(6)](#fd6){ref-type="disp-formula"}, [(10)](#fd10){ref-type="disp-formula"}, [(12)](#fd12){ref-type="disp-formula"}, [(13)](#fd13){ref-type="disp-formula"} we obtain: $$\left\{ \begin{array}{l}
{F = \overset{˙}{V_{A}} + \overset{˙}{V_{C}}} \\
{R_{U}\cdot F + R_{C}\cdot F + P_{tm} + P_{pl} = 0} \\
{R_{S}\cdot\overset{˙}{V_{A}} + P_{l} + R_{LT}\cdot\overset{˙}{V_{A}} - P_{tm} = 0} \\
\end{array} \right)$$Substituting the first equation into the second followed by further rearrangement of the terms, and recalling the constitutive equations of the circuit's elements (Eqs. [(5)](#fd5){ref-type="disp-formula"}, [(9)](#fd9){ref-type="disp-formula"}, [(11)](#fd11){ref-type="disp-formula"}, [(14)](#fd14){ref-type="disp-formula"}, [(18)](#fd18){ref-type="disp-formula"}), we obtain the complete model: $$\left\{ \begin{array}{l}
{\left( {R_{U} + R_{C}} \right)\cdot\overset{˙}{V_{C}} + \left( {R_{U} + R_{C}} \right)\cdot\overset{˙}{V_{A}} + P_{tm} + P_{pl} = 0} \\
{\left( {R_{S} + R_{LT}} \right)\cdot\overset{˙}{V_{A}} + P_{l} - P_{tm} = 0} \\
{R_{U} = A_{u} + K_{u}\cdot\left| F \right|} \\
{R_{C} = K_{c}\cdot\left( \frac{V_{C\max}}{V_{C}} \right)^{2}} \\
{R_{S} = A_{s}\cdot e^{- K_{s}\cdot\frac{V_{A} - V_{R}}{V^{\ast} - V_{R}}} + B_{s}} \\
{P_{tm} = \left\{ \begin{array}{l}
{A_{c} - B_{c}\cdot\left( {\frac{V_{C}}{V_{C\max}} - D_{c}} \right)^{2}V_{C\min} \leq V_{C} \leq \frac{V_{C\max}}{2}} \\
{A_{c}^{\prime} - B_{c}^{\prime}\cdot\ln\left( {\frac{V_{C\max}}{V_{C}} - D_{c}^{\prime}} \right)\frac{V_{C\max}}{2} < V_{C} \leq V_{C\max}} \\
\end{array} \right)} \\
{P_{l} = A_{l}\cdot e^{K_{l}\cdot V_{A}} - B_{l}} \\
\end{array} \right)$$where $\mathit{P}_{pl}$ is the input of the model.

The governing equations of the above system are nonlinear first order ordinary differential equations. They are solved with respect to the unknowns $\mathit{V}_{A}$ and $\mathit{V}_{C}$ over the time interval \[0, *T*\] with proper initial conditions: $$\left\{ \begin{array}{l}
{V_{A}\left( 0 \right) = V_{A}^{0}} \\
{V_{C}\left( 0 \right) = V_{C}^{0}} \\
\end{array} \right)$$

The initial conditions do not affect the steady state solution as long as they remain within the variability range of $\mathit{V}_{A}$ and $\mathit{V}_{C}$.

2.3. Pleural pressure {#sec2.3}
---------------------

We consider three different pleural pressure waveforms for the normal breathing pattern: to distinguish them, they will be referred to as regular, quiet and tidal breathing.

The respiratory rate for a healthy adult at rest is 12--18 breaths per minute. For the purposes of our simulations, we have considered a respiratory rate of 12 breaths per minute.

### Regular breathing {#d1e8793}

The pleural pressure for regular breathing is taken from [@b4]: $$P_{pl}^{r}\left( t \right) = \,\left\{ \begin{array}{lr}
{a + b\cdot\sin\left( \frac{\pi\cdot t}{t_{1}} \right)} & {0 \leq t < t_{1}} \\
{a + c\cdot\sin\left( \frac{\pi\cdot\left( t - t_{1} \right)}{T_{r} - t_{1}} \right)} & {t_{1} \leq t \leq T_{r}} \\
\end{array} \right)$$where $\mathit{T}_{r}$ is the respiratory period and *a, b, c* and $\mathit{t}_{1}$ are suitable parameters that make the function in Eq. [(26)](#fd26){ref-type="disp-formula"} continuous and differentiable ([Fig. 5](#fig5){ref-type="fig"}\[a\]). A vertical offset (*voff*) is added to simulate spontaneous breathing (muscles completely relax after contraction: when muscular pressure is zero, the pleural pressure equals the chest wall pressure).

Fig. 5Examples of pleural pressure waveforms for the normal breathing. \[a\] Pleural pressure of the regular breathing ($\mathit{P}_{pl}^{r}$). \[b\] Pleural pressure of the quiet breathing ($\mathit{P}_{pl}^{q}$). \[c\] Pleural pressure of the tidal breathing ($\mathit{P}_{pl}^{t}$).

### Quiet breathing {#d1e8995}

We developed a pleural pressure generator for quiet breathing by applying a low-pass filter to a pulse generator (*Q*). In other words, the pulse generator is inserted into a resistor--capacitor (RC) circuit and the pressure drop (*P*) across the capacitor is considered as the output of the system ([Fig. 6](#fig6){ref-type="fig"}, left panel). The circuit is solved according to Kirchhoff's voltage law: $$R\cdot C\cdot\overset{˙}{P} + P = Q$$where *R* is the resistance and *C* is the capacity. The system response can be modified by setting the pulse amplitude ($Amp$), the duration of the pulse ($\mathit{t}_{p}$) in each period ($\mathit{T}_{r}$), the phase delay ($\varphi$) and the values of *R* and *C*. In particular, from Eq. [(27)](#fd27){ref-type="disp-formula"} it follows that the solution *P* depends on the product $R\cdot C$. So we can keep C constant and vary R. A gain (*g*) and a vertical offset (*voff*) can be applied in order to obtain the desired final pleural pressure waveform ($\mathit{P}_{pl}^{q}$), like the one in [Fig. 5](#fig5){ref-type="fig"}\[b\], as previously published [@b1], [@b27].

Fig. 6Filters. Low pass (left panel) and high pass (right panel) filter of a pulse generator (*Q*). *R* and *C* are the resistance and the capacity of the circuit. The pressure drop across the capacitor (*P*) is the output of the low pass filter. The pressure drop across the resistor ($\mathit{P}_{R}$) is the output of the high pass filter.

### Tidal breathing {#d1e9158}

The pleural pressure waveform of tidal breathing is obtained by applying a high-pass filter to a pulse generator (*Q*). Again, the pulse generator is inserted into the same RC circuit related to quiet breathing but the pressure drop ($\mathit{P}_{R}$) across the resistor is considered as the output of the system ([Fig. 6](#fig6){ref-type="fig"}, right panel): $$P_{R} = Q - P$$where *P* is the solution of Eq. [(27)](#fd27){ref-type="disp-formula"}. Again, the parameters can be set to obtain the desired final pleural pressure waveform ($\mathit{P}_{pl}^{t}$), like the one in [Fig. 5](#fig5){ref-type="fig"}\[c\] as previously published [@b30].

2.4. Combined lung--chest wall system {#sec2.4}
-------------------------------------

The chest wall is a compliant system with volume $\mathit{V}_{cw} = V_{A} + V_{C}$.

The pressure across the chest wall is a function of the volume with a sigmoidal shape: it is high negative at low volumes (the chest wall tends to expand) and becomes positive at high volumes (the chest wall tends to collapse) ([Fig. 7](#fig7){ref-type="fig"}\[a\]). It is given by the function [@b2]: $$P_{cw}\left( V_{cw} \right) = A_{cw} - B_{cw}\cdot\ln\left( {\frac{TLC - V_{R}}{V_{cw} - V_{R}} - D_{cw}} \right)$$where $\mathit{A}_{cw}$ and $\mathit{B}_{cw}$ are suitable positive constants. $\mathit{D}_{cw}$ is a constant slightly less than 1, which makes $\mathit{P}_{cw}$ positive when $\mathit{V}_{cw}$ tends to *TLC* as the argument of the logarithm tends to zero.

The derivative of the inverse function $\mathit{V}_{cw}$ ($\mathit{P}_{cw}$) is the compliance of the chest wall ($\mathit{C}_{cw}$): $$V_{cw}\left( P_{cw} \right) = \frac{TLC - V_{R}}{e^{\frac{A_{cw} - P_{cw}}{B_{cw}}} + D_{cw}} + V_{R}$$ $$C_{cw}\left( P_{cw} \right) = \frac{\left( {TLC - V_{R}} \right)\cdot e^{\frac{A_{cw} - P_{cw}}{B_{cw}}}}{B_{cw}\cdot\left( {e^{\frac{A_{cw} - P_{cw}}{B_{cw}}} + D_{cw}} \right)^{2}}$$ Fig. 7Pressure--alveolar volume and compliances curves for the considered subject. \[a\] $\mathit{P}_{cw}$ (dotted line), $\mathit{P}_{l}$ (dashed line), $\mathit{P}_{syst}$ (continuous line). The star denotes the resting position of the combined lung--chest wall system. The circle denotes the resting position of the chest wall alone. \[b\] $\mathit{C}_{cw}$ (dotted line), $\mathit{C}_{l}$ (dashed line), $\mathit{C}_{syst}$ (continuous line) vs alveolar volume.

Both the elastic recoil of the chest wall ($\mathit{P}_{cw}$) and the elastic recoil of the lungs ($\mathit{P}_{l}$) act on the pleural space. Combining them, we obtain the elastic recoil of the respiratory system ($\mathit{P}_{syst}$) ([Fig. 7](#fig7){ref-type="fig"}\[a\]): $$P_{syst} = P_{l} + P_{cw}$$The combined system is in its resting position at the end of a normal breath, when the two opposite elastic recoils balance ($\mathit{P}_{cw} = - \mathit{P}_{l}$); in this case the lung volume is the functional residual capacity. The system expands at lower volumes and collapses at higher volumes. At volumes higher than the resting volume of the chest wall, both $\mathit{P}_{cw}$ and $\mathit{P}_{l}$ are positive causing the chest wall and the lungs to collapse ([Fig. 7](#fig7){ref-type="fig"}\[a\]). The slope of the pressure--volume curves is the compliance of the corresponding element. The chest wall and the lungs show similar compliance within the range of normal breathing. The compliance of the combined system is always less than the two compliances alone ([Fig. 7](#fig7){ref-type="fig"}\[b\]).

[Table 1](#tbl1){ref-type="table"} gives a summary of the symbols of the variables and quantities of the respiratory system with their description and measurement units.

2.5. System perturbation {#sec2.5}
------------------------

Some of the features of the respiratory system can be altered in particular conditions [@b4], [@b17], [@b18], [@b24], [@b39], [@b40]. If the airways resistance is increased, breathing becomes more difficult: less air enters and exits the lung, resulting in reduced maximum and increased minimum lung volumes. The contribution of the small airways to the overall resistance is lower because, even if they have small sections, air distribution occurs over a wide number of branches. Instead, the upper and collapsible airways resistance depends on their size (Eq. [(7)](#fd7){ref-type="disp-formula"}). Obstructive lung disease such as asthma and chronic obstructive pulmonary disease cause increasing resistance due to airways obstruction.

Lung disease can even affect the elastic properties of lung tissue with alteration of lung compliance. If the elastic recoil of the lung is decreased by a loss of elastic fibres, it is easier for the chest wall to move and spring out. The wider chest wall movement causes greater volume variations with increased compliance. These are the features of emphysematous disease. Conversely, if the elastic recoil of the lung is increased because of increased stiffness of the lung tissue, it is harder for the chest wall to expand. The restricted chest wall movement causes lower volume variations with decreased compliance. These are the features of restrictive lung disease with particular reference to pulmonary fibrosis. The deficiency of surfactant in the alveoli can also reduce lung compliance as observed in neonatal respiratory distress syndrome.

A diseased status of the respiratory system can be simulated by modifying the parameters of the constitutive functions describing the resistances and the elastic recoil.

Table 1Symbols, their description and unit.SymbolDescriptionUnit$\mathit{C}_{C}$Collapsible airway compliancel/cmH ~2~O$\mathit{C}_{cw}$Chest wall compliancel/cmH ~2~O$\mathit{C}_{L}$Lung compliancel/cmH~2~O$\mathit{C}_{syst}$Compliance of the lung-chest wall systeml/cmH~2~O$F$Airflow at the mouthl/s$\mathit{P}_{A}$Alveolar pressure${cmH}_{2}O$$\mathit{P}_{C}$Collapsible airway pressure${cmH}_{2}O$$\mathit{P}_{cw}$Chest wall pressure${cmH}_{2}O$$\mathit{P}_{el}$Dynamic lung elastic recoil${cmH}_{2}O$$\mathit{P}_{ext}$Pressure at mouth${cmH}_{2}O$$\mathit{P}_{l}$Static lung elastic recoil${cmH}_{2}O$$\mathit{P}_{mus}$Muscular pressure${cmH}_{2}O$$\mathit{P}_{pl}$Pleural pressure${cmH}_{2}O$$\mathit{P}_{ref}$Environmental pressure${cmH}_{2}O$$\mathit{P}_{syst}$Elastic recoil of the lung-chest wall system${cmH}_{2}O$$\mathit{P}_{tm}$Transmural pressure${cmH}_{2}O$$\mathit{R}_{C}$Collapsible airway resistance${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{R}_{LT}$Lung tissue resistance${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{R}_{S}$Small airways resistance${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{R}_{U}$Upper airway resistance${cmH}_{2}O\cdot l$^−1^$\cdot s$$TLC$Total lung capacityl$\mathit{V}_{A}$Alveolar space volumel$\mathit{V}_{C}$Collapsible airway volumel$\mathit{V}_{cw}$Chest wall volumel$\mathit{V}_{D}$Dead space volumel$\mathit{V}_{L}$Total lung volumel$\mathit{V}_{R}$Residual volumel

2.6. Model implementation {#sec2.6}
-------------------------

The model has been implemented in MATLAB and solved in the Simulink environment [@b37]. Simulink is a powerful tool to solve and analyse initial condition problems for linear and nonlinear ordinary differential equations. The dynamic system equations are graphically represented by means of blocks connected through suitable links. [Fig. 8](#fig8){ref-type="fig"} shows the Simulink block diagram solving the model equations (Eq. [(24)](#fd24){ref-type="disp-formula"}). Each block contains the instructions that define the corresponding element. The block "$\mathit{P}_{pl}$" contains the instructions to create the input pleural pressure, for example the pleural pressure for regular, quiet and tidal breathing. [Fig. 9](#fig9){ref-type="fig"} shows the Simulink block diagrams which solve the RC circuit (Eq. [(27)](#fd27){ref-type="disp-formula"}) and generate the pleural pressure for quiet and tidal breathing.

Many numerical schemes with fixed or variable time step are available in Simulink to solve the differential problems. We solved the model with a variable time step using Dormand--Prince method with relative tolerance 1$\times$10^−6^.Fig. 8Simulink block diagram of the model. The top left box defines the pleural pressure that is the input of the model. The vertical rectangles represent the first two equations in Eq. [(24)](#fd24){ref-type="disp-formula"}, that are linked through the transmural pressure $\mathit{P}_{tm}$ and the flow in the alveolar region *V̇*${}_{A}$.Fig. 9Simulink block diagrams of the pleural pressure generators. The upper block solves Eq. [(27)](#fd27){ref-type="disp-formula"} and generates the pleural pressure of the quiet breathing by applying a gain *g* and a vertical offset *voff* to the output *P*. The lower block solves Eqs. [(27)](#fd27){ref-type="disp-formula"}, [(28)](#fd28){ref-type="disp-formula"} and generates the pleural pressure of the tidal breathing by applying a gain *g* and a vertical offset *voff* to the output $\mathit{P}_{R}$.

[Table 2](#tbl2){ref-type="table"} lists all model parameters used in the simulations. The parameters for the pleural pressures are available in [Table 3](#tbl3){ref-type="table"}.

Table 2Parameters of the model [@b2], [@b26].ParameterValueUnit$\mathit{A}_{c}$ ($A_{c}^{\prime}$)7.09 (5.6)${cmH}_{2}O$$\mathit{A}_{cw}$1.4${cmH}_{2}O$$\mathit{A}_{l}$0.2${cmH}_{2}O$$\mathit{A}_{s}$2.2${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{A}_{u}$0.34${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{B}_{c}$ ($B_{c}^{\prime}$)37.3 (3.73)${cmH}_{2}O$$\mathit{B}_{cw}$3.5${cmH}_{2}O$$\mathit{B}_{l}$0.5${cmH}_{2}O$$\mathit{B}_{s}$0.02${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{D}_{c}$ ($D_{c}^{\prime}$)0.7 (0.999)$\mathit{D}_{cw}$0.999$\mathit{F}_{\min}$ ($\mathit{F}_{\max}$)−6.2 (8.3)$l\slash s$$\mathit{K}_{l}$1.00$\mathit{K}_{s}$10.9$\mathit{K}_{u}$0.46${cmH}_{2}O\cdot l$^−2^$\cdot s$^2^$\mathit{K}_{c}$0.21${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{R}_{LT}$0.2${cmH}_{2}O\cdot l$^−1^$\cdot s$$TLC$5.19l$\mathit{V}^{\ast}$5.3l$\mathit{V}_{A}^{0}$ ($\mathit{V}_{C}^{0}$)2.2 (0.05)l$\mathit{V}_{C\min}$ ($\mathit{V}_{C\max}$)0.015 (0.185)l$\mathit{V}_{D}$0.05l$\mathit{V}_{R}$1.42lTable 3Parameters of the pleural pressures.ParameterValueUnit$\mathit{P}_{pl}^{r}$$a$--4.0785${cmH}_{2}O$$b$--2.719${cmH}_{2}O$$c$0.40785${cmH}_{2}O$$\mathit{T}_{r}$5s$\mathit{t}_{1}$0.85$\cdot$T${}_{r} = 4$.25s$voff$2.474${cmH}_{2}O$$\mathit{P}_{pl}^{q}$$\mathit{P}_{pl}^{t}$$C$12$l\cdot{cmH}_{2}O^{- 1}$$R$0.33${cmH}_{2}O\cdot l$^−1^$\cdot s$$\mathit{Amp}$1−4${cmH}_{2}O$$\mathit{t}_{p}$21.5s$\mathit{T}_{r}$55s$\varphi$00s$g$−2.44711$voff$−1.7075--2.635${cmH}_{2}O$

3. Results {#sec3}
==========

The range of oscillation of the resistances and their pressure drops, the compliances, the transmural pressure and the lung elastic recoil obtained with the model have been already shown in [Fig. 4](#fig4){ref-type="fig"}, [Fig. 5](#fig5){ref-type="fig"} for quiet breathing, i.e. applying $\mathit{P}_{pl}^{q}$ as input of the model. Similar ranges are obtained with regular breathing although the time waveforms are quite different due to the different shape of the input pleural pressures ([Fig. 10](#fig10){ref-type="fig"}).

The same applies to the airflow ([Fig. 11](#fig11){ref-type="fig"}\[a\] and \[b\]), the alveolar volume ([Fig. 11](#fig11){ref-type="fig"}\[c\] and \[d\]) and the flow--volume and flow--pressure loops ([Fig. 11](#fig11){ref-type="fig"}\[e\], \[f\], \[g\] and \[h\]). The flow--volume loop is counterclockwise ([Fig. 11](#fig11){ref-type="fig"}\[e\] and \[f\]). The lung volume is referred to the residual volume. In normal breathing, the difference $\mathit{V}_{L} - \mathit{V}_{R}$ remains positive because the lungs never collapse to the residual volume. The collapsible volume has the same waveform of the corresponding alveolar volume, but varies within a much smaller range (\[0.0606 $\div$ 0.0775 l\] in regular breathing and \[0.0600 $\div$ 0.0764 l\] in quiet breathing, not shown). All these curves are specific for each mode of breathing.Fig. 10Regular and quiet breathing. Time variations of resistances and pressures when $\mathit{P}_{pl}^{r}$ (regular breathing - left) and $\mathit{P}_{pl}^{q}$ (quiet breathing - right) are applied as input of the model. \[a\] and \[b\] $\mathit{R}_{C}^{r}$ and $\mathit{R}_{C}^{q}$ (thick line), $\mathit{R}_{U}^{r}$ and $\mathit{R}_{U}^{q}$ (normal line) $\mathit{R}_{S}^{r}$ and $\mathit{R}_{S}^{q}$ (thin line). \[c\] and \[d\] $\mathit{P}_{Rc}^{r}$ and $\mathit{P}_{Rc}^{q}$ (thick line), $\mathit{P}_{Ru}^{r}$ and $\mathit{P}_{Ru}^{q}$ (normal line) $\mathit{P}_{Rs}^{r}$ and $\mathit{P}_{Rs}^{q}$ (thin line).

Both the pleural pressures of regular and quiet breathing have been derived to obtain a normal breathing pattern: at the end of expiration (and at the beginning of inspiration), muscles are completely relaxed ($\mathit{P}_{mus} = 0$). From Eq. [(32)](#fd32){ref-type="disp-formula"}, this means that the pleural pressure and the chest wall pressure are equal ([Fig. 12](#fig12){ref-type="fig"}\[a\] and \[b\]). The static and the elastic recoil of the lung are slightly different due to the resistance of lung tissue, which causes hysteresis of the dynamic elastic recoil of the lung. In [Fig. 12](#fig12){ref-type="fig"}\[a\], they are represented in a Campbell diagram (they are reversed in the pressure--volume​ plane) [@b6]. The pleural pressure exhibits hysteresis too ([Fig. 12](#fig12){ref-type="fig"}\[a\]). This is due to the surface tension of the liquid lining the alveoli, which opposes a greater resistance to inflation than deflation.Fig. 11Regular and quiet breathing. Results of the simulations when $\mathit{P}_{pl}^{r}$ (regular breathing - left) and $\mathit{P}_{pl}^{q}$ (quiet breathing - right) are applied as input of the model. \[a\] and \[b\] Airflow at the mouth. \[c\] and \[d\] Alveolar volume. \[e\] and \[f\] Flow--volume loops (total lung volume referred to the residual volume). The loop is counterclockwise. \[g\] and \[h\] Flow--alveolar pressure loop. Flow and alveolar pressures are simultaneously negative during inspiration (insp) and positive during expiration (exp).

If the parameters of the model are modified, the system response to the same pleural pressure changes: the solution of the system converges to a different steady state, resulting in volume, pressure and flow variation compared to baseline conditions. We have changed the value of a single parameter in each experiment. We show the results for quiet breathing.Fig. 12Pressures in quiet breathing. \[a\] Campbell pressure--volume diagram: chest wall recoil (dotted line), reversed static (dashed line) and dynamic (thin continuous loop around -$\mathit{P}_{l}$) lung elastic recoil, pleural pressure (thick loop) and alveolar pressure (thin loop) vs alveolar volume ($\mathit{V}_{A}$). The thick lines indicate the oscillations in quiet breathing. \[b\] Time variation of the pressures: chest wall recoil (dotted line), static and dynamic lung elastic recoils (dashed and thin continuous juxtaposed lines), pleural pressure (thick line) and muscular pressure (normal dark line).

We have changed the parameters of the constitutive functions of the resistances: $\mathit{A}_{u}$, $\mathit{K}_{u}$, $\mathit{K}_{c}$, $\mathit{A}_{s}$, $\mathit{K}_{s}$ and $\mathit{B}_{s}$. [Fig. 13](#fig13){ref-type="fig"} shows the results of the simulations performed by changing the parameter $\mathit{K}_{u}$ related to the upper airways resistance. Similar results have been obtained varying the other parameters (not shown). In all cases we have observed that an increasing resistance causes narrowing of flow and volume ranges ([Fig. 13](#fig13){ref-type="fig"}\[a\], \[b\] and \[c\]) and widening of the alveolar pressure range ([Fig. 13](#fig13){ref-type="fig"}\[d\]) without affecting compliance ([Fig. 13](#fig13){ref-type="fig"}\[e\]).

[Fig. 14](#fig14){ref-type="fig"} shows the results of the simulations performed by changing the parameter $\mathit{K}_{l}$ that is related to the elastic recoil of the lung. Similar results have been obtained varying the parameters $\mathit{A}_{l}$ and $\mathit{B}_{l}$ (not shown). In all cases we have observed that an increasing elastic recoil causes not only narrowing of flow and volume ranges, but also shifting of the volume towards low values ([Fig. 14](#fig14){ref-type="fig"}\[a\], \[b\] and \[c\]) as well as narrowing of the alveolar pressure range ([Fig. 14](#fig14){ref-type="fig"}\[d\]) with concomitant decrease in lung compliance ([Fig. 14](#fig14){ref-type="fig"}\[e\]). All graphs obtained from the simulations show the results once the solution has reached the steady state.Fig. 13Results of the simulations for the quiet breathing changing the parameter $K_{u}$. \[a\] Airflow at the mouth. \[b\] Alveolar volume. \[c\] Flow--volume loop (total lung volume referred to the residual volume). The loop is counterclockwise. \[d\] Flow--alveolar pressure loop. \[e\] Static (dashed line) and dynamic (thin continuous loop around $\mathit{P}_{l}$) lung elastic recoil and reversed pleural pressure (external loop) vs alveolar volume. All panels show the results obtained with $\mathit{K}_{u} = 0.46$${cmH}_{2}O\cdot l$^−2^$\cdot s$^2^ that is the base value (thin line), $\mathit{K}_{u} = 5$${cmH}_{2}O\cdot l$^−2^$\cdot s$^2^ (normal line) and $\mathit{K}_{u} = 10$${cmH}_{2}O\cdot l$^−2^$\cdot s$^2^ (thick line).

Fig. 14Results of the simulations for the quiet breathing changing the parameter $K_{l}$. \[a\] Airflow at the mouth. \[b\] Alveolar volume. \[c\] Flow--volume loop (total lung volume referred to the residual volume). The loop is counterclockwise. \[d\] Flow--alveolar pressure loop. \[e\] Static (dashed line) and dynamic (thin continuous loop around $\mathit{P}_{l}$) lung elastic recoil and reversed pleural pressure (external loop) vs alveolar volume. All panels show the results obtained with $\mathit{K}_{l} = 0.75$ (thin lines), $\mathit{K}_{l} = 1$ that is the base value (normal line) and $\mathit{K}_{l} = 1.3$ (thick line).

4. Discussion {#sec4}
=============

The lack of patho-physiological clinical data made us consider data measured by other research groups [@b2], [@b26] to validate our model. Our results are in agreement with the values relative to normal breathing reported in [@b2], [@b21], [@b26].

Measured values in diseased conditions are not available in the cited works, because they consider only specific manoeuvres. Our aim is to show that the same model can be used to describe altered conditions of the system, at least in a qualitative way [@b8], [@b14], [@b19]. According to Eqs. [(1)](#fd1){ref-type="disp-formula"}, [(21)](#fd21){ref-type="disp-formula"}, the total lung volume cannot go below the residual volume and cannot exceed the total lung capacity. Consequently, the total lung volume referred to the residual volume must range between 0 and the upper limit $\mathit{V}_{Amax} + \mathit{V}_{Cmax} - \mathit{V}_{Amin} - \mathit{V}_{Cmin}$. The amount of modifications of the parameters $\mathit{K}_{u}$ and $\mathit{K}_{l}$ takes these limitations into account. In particular, we have made sure that the total lung volume did not reach the extremes. In fact, extreme values can be reached during particular breathing manoeuvres, such as FVC, but not in normal breathing, due to expiratory (*ERV*) and inspiratory (*IRV*) reserve volumes: $IRV = TLC - \max\left( \mathit{V}_{A} \right) - \max\left( \mathit{V}_{C} \right)$, $ERV = \min\left( \mathit{V}_{A} \right) + \min\left( \mathit{V}_{C} \right) - \mathit{V}_{R}$.

In addition, the values of the parameters must ensure the convergence of the solution to a steady state. The baseline value of $\mathit{K}_{u}$ is close to 0 ${cmH}_{2}O\cdot l$ ^−2^ $\cdot s$ ^2^. The system becomes unstable when $\mathit{K}_{u}$ is about 30 ${cmH}_{2}O\cdot l$ ^−2^ $\cdot s$ ^2^. We set the values of $\mathit{K}_{u}$ much less than that threshold, making sure that the volume excursion (tidal volume), that is the amount of air moved during each breath, remained physiologically acceptable. The outcome of our simulations gave 7.6% and 13.2% reduction in tidal volume compared to baseline.

We made similar considerations to set $\mathit{K}_{l}$: in order to ensure the limitations of the total lung volume discussed above, $\mathit{K}_{l}$ must range between 0.6 and 1.8. The solution is stable for all cases. The outcome of our simulations gave 21.3% reduction and 31.4% increase in mean total lung volume compared to baseline.

Bearing in mind that both TLC and $V_{R}$ may vary under a diseased status compared to baseline [@b31], the outcome of our simulations remains reliable when both parameters are kept constant. The amount of *TLC* and $\mathit{V}_{R}$ variation from the healthy status due to obstructive or restrictive lung diseases is not available in current literature and we have not measured data of these quantities. Therefore, measured data for these quantities could not be used to define a relationship between the variation of the parameters and the corresponding variation of *TLC* and $\mathit{V}_{R}$.

The model presented in this work has been intentionally kept simple because we are mainly interested in the description of normal breathing. It does not account for airways turbulence, which is absent in normal breathing. A different relationship between the flow and the upper airway resistance should be defined in this case [@b34], [@b35]. Furthermore, we model the viscoelastic properties of lung tissue with a single resistance. Finally, we have not considered the possibility for the small airways resistance to depend on pleural pressure.

5. Conclusions {#sec5}
==============

Mathematical modelling and simulation of the respiratory system may have a role to play for the evaluation of the respiratory function and may be a useful approach for the diagnosis, treatment and prognosis of various respiratory disorders.

The nonlinear lumped parameter model of the airway/lung mechanics presented in this work describes the time variation and the relationship of the main variables of the respiratory system during normal breathing in healthy and pathological conditions.

The results of normal breathing simulations are in agreement with the clinical data published in the literature. The alteration of the parameters causes variations in the results consistent with the altered conditions of the system.

Further studies are being considered to address other aspects of the respiratory system including other breathing patterns and gas exchanges. The features of our respiratory model may well be suitable to interact with our numerical virtual patient simulator CARDIOSIM© [@b9], [@b10], [@b12]. The novelty is a 0-D model of the respiratory system with the ability to interact with a software like CARDIOSIM©, which has already shown its potential for clinical application [@b7], [@b9] and teaching purposes [@b10], [@b11]. The implementation of this respiratory model in CARDIOSIM© may be useful to study the interaction between the cardiovascular and respiratory system during cardiac assistance [@b9].

Once the model presented in this work is completed and inserted into CARDIOSIM©, it can be used in clinical environment to evaluate the effects induced by mechanical ventilatory assistance on the hemodynamic and energetic variables of the cardiovascular system. These studies are useful, for example, to understand how to manage mechanical ventilation in ventilated COVID-19 patients. The experience gained during the COVID-19 pandemic has shown that the management of mechanical ventilation assistance in presence of extracorporeal membrane oxygenation (ECMO) or intra-aortic balloon pump (IABP) is critical and changes from patient to patient depending on the side diseases afflicting the patient. The numerical simulator can be a useful tool to help medical doctors in the best management of devices that improve the patient's conditions.
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